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Necessary and sufficient conditions for asymptotic stability are developed for a symmetric spinning rocket
with axial forcing and dissipative internal mass motion. Results show that spin about the axis of least inertia is
asymptotically stable provided that three conditions are satisfied: 1) the axial thrust magnitude is sufficiently large,
2) the restoring forces for the internal mass motion are sufficiently large, and 3) the internal mass motion occurs
aft of the system mass center. Under these same conditions, spin about the axis of largest inertia may be unstable.
Numerical studies show that a passive control device with these characteristics can be used to attenuate the coning
of prolate spinners such as those transfer orbit boost vehicles that have been plagued by unexpectedly pronounced

coning instabilities.

Nomenclature

c = damping constant for particle motion

F = magnitude of thrust (assumed constant)

Iy, 1), I; = moments of inertia of (symmetric) rigid body for axes
B,, B,, and B3, respectively

= spring constant for elastic restraint on particle

= mass of rigid body

= mass of particle

=m/(m+ M)

= nominal spin rate of rigid body about B3

= components of rigid-body angular velocity for axes
B and B,, respectively

k
M
m
nw
Q
w1, Wy

Introduction
HIS paper develops analytical stability results and presents a
novel approach to passive coning control for symmetric spin-
ning bodies with axial thrust and dissipative internal mass motion.

These findings were made while investigating a proposed instability
mechanism for the coning anomalies experienced recently on cer-
tain transfer orbit boost vehicles such as the PAM-D (Perigee Assist
Module-D). It had previously been shown that under certain con-
ditions the coupled effects of internal mass motion and axial thrust
are capable of producing coning instabilities similar in character to
the observed anomalies.! In Ref. 1, the moving mass represented
undesirable fluid motion. The present paper does not attempt to
further describe the instability mechanism of these anomalies. In-
stead, it addresses the general behavior of thrusting, spinning bodies
with dissipative internal mass motion. Consideration of earlier re-
sults presented in Ref. 1 led to the idea that, for a correct choice of
parameters, perhaps an internal moving mass could be designed to
stabilize an otherwise unstable spinning, thrusting spacecraft. When
looked at in this way, it is more appropriate to think of the internal
mass as a passive control device similar to the type used to damp
nutation in spin-stabilized, nonthrusting spacecraft? rather than as a
mechanism for instability.
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These issues may be investigated using a mode] consisting of a
symmetric rigid body with axial thrust and an elastic, dissipative
internal mass. The important parameters are the thrust level, spin
speed, and inertia ratio of the rigid body and the characteristics
and location of the spring-mass—damper. This analytical model is
sufficient to provide insight into the first-order effects of mass mo-
tion, yet simple enough to allow stability results to be obtained in
terms of the general design parameters of the system. This is ac-
complished using the second method of Lyapunov, in which the
Lyapunov function is obtained by considering a general quadratic
function of the states. Resulting analytical stability conditions
are confirmed by simulation and agree with numerically obtained
stability results for a similar system in which the mass motion was
modeled by constrained planar pendula.’

Description of Model

The model used in this investigation is shown in Fig. 1. It is
similar to the model analyzed in Ref. 1. but includes the effects of
viscous damping forces due to the internal mass motion. The model
consists of a symmetric rigid body (with mass center at point B)
containing a mass particle (point P) that is constrained to move in
a plane perpendicular to the symmetry axis of the body. Deviations
of the particle position from the symmetry axis are denoted by the
Cartesian coordinates x; and x,, which are measured along the B,
and B, axes, respectively. The transverse axes By, B, and the sym-
metry axis Bj are fixed in the rigid body and pass through the point
0, coinciding with the system mass center (point S) when x; and
x, are zero. Movement of the particle away from the Bj axis pro-
duces a linear elastic restoring force with spring constant k. When
the particle is on the B; axis, it is a distance ~ away from the sys-
tem mass center and the restoring force is zero. When the particle
velocity relative to the rigid body is nonzero, a viscous damping
force with coefficient c acts on the particle in a direction opposite
to its velocity in the rigid body. A thrust vector F acts along B3 and
passes through the mass center of the rigid body. The thrust vector is
a nonconservative force known as a follower force since it remains
aligned with B; throughout the motion.

Similar models have been used to study the effect of liquified
combustion products (slag) moving in a solid rocket motor casing
onboard a spacecraft.> When the current investigation began, the
particle was thought of as representing internal mass motion of a
general type that could arise from several different sources. The
intent was to investigate coning stability for a wide range of mass
motion characteristics and rigid-body inertias. When it became ap-
parent that mass motion under axial forcing could have a stabilizing
effect on the coning motion of prolate spinning bodies, the investi-
gation focused on the design and performance of a passive control
device. In this application, the particle motion represents the mass
motion of such a mechanism, hereafter called the passive coning
attenuator (PCA).

By 4

Fig.1 Idealized spacecraft model.

An existing physical device that closely approximates the above
mode! (for small-particle motions) is the elastic pendulum nutation
damper. This device consists of a small mass fixed to one end of a
relatively stiff wire. The other end of the wire is mounted inside a
fluid-filled container that is in turn mounted in the spacecraft. Mo-
tion of the damper mass is excited by the nutational motion of the
rigid body. The restoring force is furnished by the action of the wire
being bent away from the symmetry axis. The damping force arises
from the action of the viscous fluid on the mass as it moves relative
to the container. For small deviations in mass position, the motion
remains approximately in a plane perpendicular to the symmetry
axis of the spacecraft. Although these devices were originally de-
signed for use in spinning spacecraft without thrust, it will be shown
that they can also be used to stabilize spinning, thrusting spacecraft
if appropriately modified.

Linearized Equations of Motion

Four coupled linear differential equations are required to describe
the transverse rotational motion of the spacecraft for small cone
angles!:

(b +mh?) iy + [ = (I + mh?) | Qw,

= 2Qmhi, + mhi, — mh$*x; — wFx, 6h)
(L +mh) i — [ I ~ (I + mh?) |

= 2Qmhi; — mh¥, +mh§x; + uFx )

.5(51 el ZQ.XZ - szl +

k : - .
MEK D Qo) B)
m(l—p) 1—pn

kX2 + C)-Cz _ h
m(l—p) 1-pn
Variables not defined in the Nomenclature are defined in Fig. 1.

Before attempting to analyze the above equations, it is convenient
to define some new parameters and variables. Let

L= L+ umk?/(1— )

¥y —2Q%1 — Q% + (7 — Quwy) )]

A=

I — pmh?/(1 —

1 — um f( ©®) )
5= mh
(=Wl — (umh?/(1 — p))]
S =mdoma ¥ T mdope ©®
=) _uF F

“==ur 0 T T arrone O
,=%=i1, T = @®)

Then, after some manipulation, the governing equations simplify to
]+ Aw, = r8[ —E7— (Y + T)z;] )]
w) — hoy =rd[E) + (Y2 + T)z (10)
2 =22+ E2 + (VP — D2y = —r(w) + o) an
422+ €2+ (P — Dza = r (0] — @) (12)

where the prime denotes differentiation with respect to z.

Solving Egs. (9-12) for the highest derivatives and defining new
parameters simplify the equations further to

W) = ~hap — Oz, — Oz, (13)
wh = rw; + Bz; + Pz} (14
7] = —Aw, — k21 — Vz) + 22, (15)

7y = —Awp — kzp — 221 + V25 (16)
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where

& = réé, ®=rs(y*+T7) a7

A=r(A+1), k=y2@+1)+6T —1 18)

V=£06+1) (19
Let the state vector be defined as
x=[w; z1 2, w3 z2 z)¥ (20)

Then the governing equations can be written in matrix first-order
form as

- -2 -0 0 7
0 0 0 1
-V —A -« -2
0 0 0 [
1 0 0 0
L—-A —« 2 0 0o v

x'=Ax = x 2D

o > o o o
o ® o o o

The equations are now in a convenient form for analysis.

Lyapunov Stability Analysis

It is desirable to have general analytical stability conditions under
which the system represented by Egs. (9-12) is asymptotically stable
(i.e., all the eigenvalues of the A matrix lie in the left half of the
complex plane). However, the system is sufficiently complicated
to preclude solving for general expressions for the eigenvalues or
even applying the Routh—-Hurwitz criteria usefully. Therefore, the
second method of Lyapunov was applied to the system. Consider
the following stability theorems*:

Theorem 1. The null solution of the system x’ = f(x), f(0) =
0, is asymptotically stable if there exists a positive-definite function
V (x) suchthat V’(x) is negative semidefinite, and there is no nonnull
solution such that V’(x) is identically zero.

Theorem 2. The null solution of the system x’ = f(x), f(0) =
0, is unstable if there exists a negative-definite or sign indefinite
function V (x) such that V'(x) is negative semidefinite and there is
no nonnulil solution such that V'(x) is identically zero.

These two theorems may be used to determine the necessary
and sufficient conditions for asymptotic stability in terms of the
general system parameters. The Lyapunov function is obtained via
the following method.

Consider a Lyapunov function of the form

V(x) =xTBx 22)
where B is a constant, symmetric matrix containing 21 unknown
elements. The time derivative of V (x) for the differential equation
(21)is

V'x) =xTCx 23)
where

C=A"B+BA 24
One way to find the elements of B is to postulate a form for C and
then use Eq. (24) to determine the elements of B. Based on a desire
to have V' reflect the dissipative nature of the system, the following
form for V'(x) was assumed:

V/i(x) = —Wz} — Wz} 5)

This V' represents the rate at which energy is removed from the
system via damping. Since ¥ > 0 [see Egs. (5), (6), and (19)], it

follows that V’ < 0. The C matrix corresponding to the V' given in
Eq. (25) is

000 0 00 07
00 0 00 0
00 —%w 00 0

=100 0 00 o (26)
00 0 00 O
00 0 0 0 —w

In order to proceed with the stability analysis using Theorems 1 and
2, we must accomplish three tasks:

1) Determine whether V' =0 = x = 0.

2) Use Eq. (23) to find the matrix B corresponding to the A from
Eq. (21) and the C from Eq. (26).

3) Test B for positive definiteness.

To accomplish step 1, substitute z{ = z{ = Oandz; = z; = Ointo
Egs. (13-16) and see if there are any conditions under which non-
trivial solutions exist. The result of this process is that no nontrivial
solutions exist as long as

AESPP T/ (-1 @n

We assume that this condition is satisfied in all subsequent analysis.
Accomplishing the second step involves constructing and solv-
ing 21 linear equations based on Eq. (24). Taking advantage of the
sparseness of C and the inherent symmetry of the system and as-
suming that Eq. (27) is satisfied lead to the following form for B:

by by b3z O 0 0 7
by by by 0 0 0
b b b 0 0 0

g | b3 bn b 28)
0 0 0 b11 b12 —‘b13
0 0 0 by by —bn

0 0 0 —bizs —by by |

The number of independent equations that must be solved then re-
duces to six:

by + Wby =0 (29)

Dby + Whyy = 0 (30)

®by — Abyy + kb3 — Aby3 =0 31
by — (A+2)bi3 — Aby3 =0 (32)
—@by3 + byy — 2by; — kb33 =0 33)
b3 + Wby = 1V (34

Simultaneous solution of Eqs. (29-34) yields

r@@+ 1R+ 1D -8

bz = — A (35)
by = —“8:‘;11?13 (36)

by = —%ﬂbls @37

b = by (38)

_0+)A =9+ @+ Do

r(A+ 1A —9)
So[A+1~-TE+ 1] —A@?— D,
r(A+ DR —=8)

by =

b3 (39

by = 13 (40)
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where
c=T+1 1
A=A+ 1D?+T@E+1)>° 42)
Then from Egs. (22) and (35-42), the Lyapunov function becomes
= ‘SZ(SLAI((S + DG+ DR = 8) (0] + )
+8{AG* = 1) =80 [A+ 1~ T+ DI}z} +23)
+SA+ 2D = 8) + 0 (6 + DIz +27)
+2rd0 (8 + 1)(A + D(wy21 + @223)
—2r8(A + 1)(A — 8} (w125 — waz))

—28%0 (A + 1) (2125 — Z2z’1)) 43)

With the B matrix known, the final step of the stability analysis is to
determine the conditions under which B is positive definite. This can
be done by examining the determinants of the principal minors of
B. Three conditions are required for a positive-definite B:

bu >0 (44)
by bis
det >0 (45)
[blz b ]
by by bis
det | b1 by by | >0 (46)
by by b

Consider inequality (46) first. Multiply inequality (46) by the posi-
tive number ¥ and use Eqgs. (29) and (30) to obtain (after some ma-
nipulation) another expression that is equivalent to inequality (46):

(®by3 + Whay) (br1by ~ bf,) > 0 @7
In view of Eq. (34), inequality (47) reduces to
W(buiby — bh,) > 0 (48)

Since W is positive, Eq. (48) [and hence Eq. (46)] is satisfied if and
only if Eq. (45) is satisfied. Thus, stability of the nominal motion is
determined entirely by inequalities (44) and (45). Upon substitution
from Egs. (3542), these inequalities become
A—38 0
>
C+D2+TE+1)?

[(A+ D>+ TG+ DAY (A —8) —A—8T]>0  (50)

49

Inequalities (49) and (50) together with the requirements that W be
positive and Eq. (27) be satisfied constitute the desired necessary and
sufficient conditions for asymptotic stability. From these conditions,
it is clear that there are four important parameters that need to be
considered when establishing the stability characteristics of such a
system:

1) The inertia ratio parameter A of the system falls in the range
[—1, 1] for real systems [negative and positive values indicating
prolate and oblate systems, respectively, see Eq. (5)]. For small m
and A, A is approximately (I3 — I})/1.

2) The particle inertia § about the body center of mass is normal-
ized by the modified transverse inertia. This quantity would usually
be small in practical applications.

3) The total vehicle acceleration T is the axial force magnitude
divided by the total mass and is normalized by the spin speed squared
times the axial offset of the particle.

4) The normalized spring stiffness y 2 refers to the elastic restoring
force on the particle.

\
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Consider the case of a prolate spacecraft (i.e., negative A). Since
8 is always positive, the numerator of inequality (49) is negative.
Hence for stability, the denominator of inequality (49) must also
be negative. This requires that T be negative (i.e., mass motion aft
of the system mass center) and of sufficient magnitude (i.e., large
enough thrust) to overcome the (A + 1)? term. Furthermore, for
inequality (50) to be satisfied, the spring stiffness must be large
enough for y2(A — 8) to overcome —(A + 8T). Thus, qualitatively
speaking, to stabilize the coning motion of a prolate spinner under
thrust, viscously damped mass motion should be added aft of the
system mass center, the thrust force must be sufficiently high, and
the spring restraining the moving mass must be sufficiently stiff.

As & approaches zero, conditions (49) and (50) reduce to

A
— 2 -0
G+ 12+T

@ =DAA+1D2+T1>0 (52)

(1)

For a constant y2 > 1, stability regions in the A vs T parameter
space are plotted in Fig. 2 based on conditions (51) and (52). Cross-
hatched regions indicate asymptotic stability. All other regions are
areas of instability. For comparison, stability regions in the same
parameter space based on conditions (49) and (50) are shown in
Fig. 3 for § = 0.1 and ¥? = 1.5. As § increases to a value of 0.2,
the stability regions shrink to those shown in Fig. 4. If instead 2
is increased (to 2.0), the stability regions grow larger, as shown in
Fig. 5. Refer to Fig. 3 to see the equations that describe the stabil-
ity boundaries. These equations show how the boundaries will shift
when the parameters change. The points on the straight-line sta-
bility boundary of Fig. 3 are exactly those points corresponding to
condition (27). This combination of parameters must necessarily be
avoided to achieve a stable design. It is interesting that in the case
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when § approaches zero, stability is not possible anywhere in the
parameter space if y? < 1. In the case where § is nonzero, there is
also a critical value of spring stiffness that is required for stability.
This value is characterized by the inequality

2> (1 —8)/(1 +8)? (53)

which was obtained by reversing the trend exhibited in Fig. 5 (i.e.,
decreasing ¥2) until the stability regions vanish. This occurs when
the straight-line stability boundary passes through the point [A = 1,
T = —4/(8 + 1)2]. Then the two stability boundaries intersect at
A=4andalsoat A = 1.

Design of Passive Coning Attenuator

In the preceding development, stability conditions have been ob-
tained by assuming that the system is time invariant. In actuality,
many of the parameters are not constant over the course of a solid
motor burn. However, since the quantities change slowly relative
to the period of a single spin cycle, it may be argued that the time-
invariant analysis reasonably characterizes the stability at any partic-
ular point in time by considering the instantaneous parameter values
at that time. The design of PCA to overcome a significant destabi-
lizing effect must take into account all of the parameter values that
may occur over the intended range of operation.

Of fundamental importance is the requirement that the stabilizing
influence of the control device dominate the destabilizing influence
throughout its intended range. Using a pendulum model of the slag
phenomenon, the worst-case destabilizing time constant (occurring
near the end of the burn) has been conservatively estimated at around
10 s for a 10-1b slag mass. The vehicle remains prolate but becomes
less so during the burn. The inertia ratio parameter A can vary as
much as from —0.8 to —0.4. The thrust magnitude varies somewhat

widely for different solid rocket motors and also varies somewhat

over the course of the burn. In addition, the vehicle has a tendency
to spin down during the burn. The magnitude of this variation is
dependent on vehicle asymmetry and initial spin speed.

This dynamically changing system is to be stabilized by correctly
locating and tuning a time-invariant mass—spring—damper system of
the type analyzed previously. The tuning of the device refers to the
design process by which its internal characteristics (mass, stiffness,
and damping) are chosen so as to maximize its control effectiveness.
To determine the spring stiffness, the natural frequency of the device
is set equal to the nutation frequency of the vehicle at the worse-
case condition where the destabilizing time constant is expected
to be smallest. An approximate tuning is achieved by setting the
natural frequency of the device equal to the nutation frequency of
the unforced rigid body. This results in the following equation for y%:

Y =22 41 (54)

An approximate expression for the damping time constant may be
obtained from a perturbation analysis of the characteristic roots in
which the parameter § is assumed small but finite. Details of this
analysis are presented in Ref. 5. If the stiffness parameter y?
chosen in accordance with Eq. (54), the approximate damping time
constant expression reduces to

2
_ E +Hr (55
SEM+ DI+ D2+ T]
By differentiating 7 with respect to & and solving for &, one will
find that a damping parameter of § = 2 minimizes the time constant.
The two remaining design parameters to be chosen are the particle
mass m and the distance aft from the system mass center to the point
where the device is to be located (k). The damping time constant
can be rewritten in terms of these parameters as

o (1 — W (E + DI A 56)
D7 mEQ + D{I(A + V)RR + Fh/(M + m)}

D

where
Ir = I, — (mh)*/M 57

For physically reasonable values of the parameters m and h(m <
0.05M, mh? < 0.21), I and X are relatively insensitive to changes
in both m and k. Thus from Eq. (56) one can see that the value of m
that minimizes 7p is that which is as large as practically possible.
The value of # that minimizes tp is

F
b= Tmo T e 58

In practice, this may yield a large magnitude for ~, which may not
be possible to achieve for a particular vehicle. In this case, 2 should
be made as large as practically possible.

Numerical Examples and Simulation

The goal of the numerical analysis is to verify for specific para-
meter choices that a passive spring—mass—damper device can be de-
signed to attenuate the coning of prolate spinners under thrust. This
goal was accomplished by using a computer to calculate the eigen-
values and time response of a linear system consisting of a rigid
body and two mass particles. Each particle was connected to the
rigid body in the manner described in Fig. 1 and could be nominally
located anywhere along the spin axis. This allowed for the parame-
ters to be chosen so that one of the particles provides the dedamping
effect whereas the other particle represents the passive damping de-
vice. Initially, the parameters for modeling the dedamper were taken
from the slag model of Mingori and Yam.! The model is the same as
that described in this paper except that there is no viscous damping
on the particle. The inertias and mass center location were also taken
from the model of Ref. 1, which was based on typical flight data.

Parameter values were taken from a point in the example trajec-
tory of Ref. 1 near the end of the burn (# = 60s). The dedamping
time constant for nutation (the inverse of the real part of the eigen-
value corresponding to nutational motion) at the point was found to
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Fig. 6 Time response with dedamping particle only.

be about 10 s. Dedamping time constant values at points later in the
burn were found to be overly pessimistic (2.5 sat¢ = 70 and 1.6s
at t = 85). Using the design procedure presented in the previous
section, parameter values for a passive control device were found to
damp nutational motion in the presence of this dedamper. however,
a very large particle mass value (nearly 0.2M) was necessary. Fur-
thermore, although the nutation root was brought into the left-half
plane by the addition of the damping device, no amount of passive
damping was found to stabilize (move into the left-half plane) the
root corresponding to the undamped oscillator. It is believed that
this dedamper is inherently unstable due to the specific choice of
parameters.! This is consistent with the choice of y? = 0.25, which
results in a soft spring. It was found that if y? was increased slightly
with all other parameters held constant, the oscillator became stable
and lost its dedamping effect on the body. Relationships between
Ref. 1 and the current work are discussed in Ref. 6.

To further investigate the damping characteristics of the PCA, a
second type of dedamper was modeled. This dedamper was char-
acterized by a viscously damped mass particle connected o the
rigid body by a stiff spring. This is the same type of oscillator that
has been used thus far to model the passive damper. In locating it
forward of the system mass center, it provides a destabilizing in-
fluence on the body as predicted in the analysis section. A choice
of parameters was found that provided a dedamping nutation time
constant of about 10 s. With this type of dedamper, a considerably
smaller particle mass value (<0.05M) was needed to stabilize all
the eigenvalues. Numerical studies showed that a damping device
resulting in a nutation time constant of 8 s (without the presence of a
dedamper) provided an overall damping time constant of 50 s when
combined with a 10-s dedamper of this type. The eigenvalues and
transverse rates for each case are shown in Figs. 6-8. The angular
velocity measure numbers for the B; and B, axes are given by solid
and dashed lines, respectively. In Fig. 6, the dedamper character-
istics are m = 73 kg (5sl), k= 1.5m (5 ft), and y? = 1.25. In
Fig. 7, the damper characteristics are m = 58 kg (4 sl),h = —2.4
m (—8 ft), and y? = 1.10. Both the damper and dedamper have a
damping coefficient of ¢ = 438kg/s (30sl/s) and their combined
effect is shown in Fig. 8.

The PCA was found to provide considerable damping effects
for much smaller particle mass values as well. Through numerical
studies it was found that performance is improved if the damper
is split up into four smaller, off-axis devices in which each mass is
constrained to one-dimensional motion. The configuration is similar
to that shown in Fig. 9 except that all four masses may oscillate. With
this configuration a damping time constant of 5.5 s was achieved
with a total mobile mass value as small as 0.005 M, assuming the
devices could be placed 7.3 ft aft of the system mass center. This
time constant value was achieved in the absence of a dedamper.

The validity of the previously described linear model has been
confirmed by computer simulation of the full nonlinear equations for
the case of the rigid body with two particles attached. It was found
that the transverse rates of the linear and nonlinear models did not
exhibit significant disagreement until nutation angles of over 10 deg

0.025
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0.02 Real Part Imag Part
0.015
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0005}
o1& oy, |
rad/sec
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Fig.7 Time response with damping particle only.
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Fig. 8 Both damping and dedamping particles from Figs. 6 and 7.
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Fig. 9 Balanced off-axis PCA with one-dimensional constrained par-
ticle motion.
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were simulated.’ These results confirm that the linear model is an
accurate representation of the actual system for small cone angles.

Discussion

Although the mass—spring—damper model presented here may not
be an accurate representation of the slag sloshing phenomenon, it is
certainly a reasonable model of a passive control device similar to
a type currently in use for spinning spacecraft without thrust. The
only approximations that have been made are the linearization of
the governing equations and the time invariance assumption on the
parameters. These approximations are necessary to retain simplicity
and hence gain insight into the behavior of the system. It is believed
that the actual time-varying parameters change so slowly that the
stability characteristics derived from a time-invariant analysis per-
sist in reality.

Although an extremely large damper was necessary for overcom-
ing the coning instability induced by the soft spring—mass dedamper,
this does not belie the potential of the PCA as a solution to the slag
coning instability problem. As was shown by numerical studies, a
much smaller damper was required to stabilize a different type of
dedamping mechanism with the same dedamping time constant as
that of the soft spring system. Since the dedamping mechanism for
the coning instability is as yet unknown, it is possible that the PCA
could provide a feasible alternative to the active nutation control
systems currently used. Since the PCA must be located some dis-
tance aft of the system mass center, it may need to be placed off
the center line of the vehicle. This is because it is impractical to
locate such a device within the solid rocket motor casing. This is
not expected to be a problem since the moving mass can be bal-
anced symmetrically by motionless (or moving) particles of equal
mass located elsewhere on the vehicle. This concept is illustrated in
Fig. 9. An analytical model of the off-axis damper has been studied,
and it has been verified that the desirable damping properties are
retained with essentially the same stability characteristics.’

In other examples, relatively small values of mass were shown to
be capable of providing significant damping characteristics. Thus
the PCA has potential to be used in cases where the dedamping ef-
fect is not as pronounced as in the slag coning instability. Perhaps
coning due to structure flexibility or liquid propellant sloshing dur-
ing a longer thrust period could be stabilized by only a relatively
small damping device. The value of this type of simple, passive sta-
bilization concept is that it can be applied to any thrusting, spinning,
symmetric body to enhance coning stability.

One of the difficulties that arises with the application of a PCA
is that, although stable in the high-thrust regime, the same mass
motion contributes to greater instability in the low- (or no-) thrust
regime. This is an inherent characteristic that is evident from the
stability results derived herein and cannot be avoided. With regard
to the slag coning instability, this difficulty may be circumvented
by strapping the device to the outside of the motor case. Thus, the
device will be ejected with the spent motor after the burn. However,
this solution does not address the coast periods prior to the burn or
after the burn and prior to motor separation. Of course, the problem
is resolved if one is able to cage and uncage the mass upon com-
mand from the ground. However, this is a capability that may be too
complicated or costly to provide in practice. A more ingenious way
of overcoming this difficulty is to take advantage of the high acceler-
ation level being induced during thrust to automatically uncage the

a) Low or no thrust b) High thrust

Fig. 10 ‘““Quiescently caged” oscillator.

oscillator. Likewise, at the end of the thrust period, the acceleration
would cease and the oscillator would automatically be caged. This is
accomplished by connecting the mass to the rigid body with an addi-
tional spring (aligned with the thrust axis) that nominally holds the
mass at the narrow end of a funnel-shaped compartment but extends
under thrust to allow the mass to wander about the open end of the
compartment. This quiescently caged oscillator concept (illustrated
in Fig. 10) solves the low-thrust instability problem passively.

Conclusions

Necessary and sufficient analytical conditions for asymptotic sta-
bility have been derived for symmetric spinning bodies with axial
forcing and dissipative internal mass motion. These conditions show
that spin about the minor axis can be made asymptotically stable if
the thrust is large enough, the spring is stiff enough, and the mass
motion occurs aft of the system mass center. The simplicity of the
resulting conditions provides insight into how to design and locate
a passive control device to stabilize prolate spinners under thrust.
Numerical studies have confirmed the analysis to show that for spe-
cific parameter choices strong dedamping influences can be over-
come by implementing a passive control device designed by such
methods.
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